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Abstract
In this paper we apply a method devised in [16, 22] to the three-
dimensional simple Lie algebra sl2(F). One of the main points of this
deformation method is that the deformed algebra comes endowed with
a canonical twisted Jacobi identity. We show in the present paper that
when our deformation scheme is applied to sl2(F) we can, by choosing pa-
rameters suitably, deform sl2(F) into the Heisenberg Lie algebra and some
other three-dimensional Lie algebras in addition to more exotic types of
algebras, this being in stark contrast to the classical deformation schemes
where sl2(F) is rigid. The resulting algebras are quadratic and we point
out possible connections to “geometric quadratic algebras” such as the
Artin–Schelter regular algebras, studied extensively since the beginning
of the 90’s in connection with non-commutative projective geometry.
1 Introduction
The idea to deform algebraic, analytic and geometric structures within the ap-
propriate category is obviously not new. The first modern appearance is often
attributed to Kodaira and Spencer [20] and deformations of complex structures
on complex manifolds. This was, however, soon extended and generalized in an
algebraic-homological setting by Gerstenhaber, Grothendieck and Schlessinger.
But the idea to deform mathematical structures and objects certainly traces
back even further: the Taylor polynomial of a (holomorphic) function can be
viewed as a natural deformation of the function to a finite polynomial expres-
sion. Nowadays deformation-theoretic ideas permeate most aspects of both
mathematics and physics and cut to the very core of theoretical and computa-
tional problems. In the case of Lie algebras, which will be our primary concern,
quantum deformations (or q-deformations) and quantum groups associated to
Lie algebras have been in style for over twenty years, still growing richer by
the minute. This area began a period of rapid expansion around 1985 when
Drinfel’d [10] and Jimbo [19] independently considered deformations of U(g),
the universal enveloping algebra of a Lie algebra g, motivated, among other
things, by their applications to the Yang–Baxter equation and quantum inverse
scattering methods [21]. Since then several other versions of (q-) deformed Lie
1
algebras have appeared, especially in physical contexts such as string theory.
The main objects for these deformations were infinite-dimensional algebras, pri-
marily the Heisenberg algebras (oscillator algebras) and the Virasoro algebra,
see [4, 6, 7, 16, 18] and the references therein. For more details how these al-
gebras are important in physics, see [4, 6, 7, 8, 9, 13, 14], for instance. We
note that the deformed objects in the above cases seldom, if ever, belong to
the original category of Lie algebras. However, one retains the undeformed
objects in the appropriate limit. The deformations we will consider do not
necessarily have this important property as we will see. Therefore we refer to
these as quasi-deformations thereby emphasizing this crucial difference explic-
itly. Strictly speaking we do not even consider deformations in the classical
sense of Gerstenhaber–Grothendieck–Schlessinger. Instead, suppose g is the Lie
algebra we want to deform and suppose that g
ρ
−→ gl(A) is a representation of g
on a commutative, associative algebra A with unity, where gl(A) is the Lie alge-
bra (under the commutator bracket) of linear operators on the underlying vector
space of A. Then our deformation scheme can be diagrammatically depicted as
g
ρ // gl(A)

O
O
O
g˜
”limit”
ee
ρ˜
// g˜l(A)
xx
where the ”squiggly” line is the ”deformation” procedure of substituting the
original operators with deformed (σ-twisted, with σ an algebra endomorphism
on A) versions. The dotted arrows indicate the fact that we do not necessarily
come back to the object we started with when going back the way the arrays
point, i.e., the very reason for calling it “quasi-deformation”. The algebra g˜ is
then to be considered as the ”deformation” of g. So what we actually change, or
deform, is the given representation of g and the bracket product in gl(A). This
explains why the tilde ˜ appears above gl(A) in the bottom row of the above
diagram. We note that the above method could maybe be generalized to other
algebras besides Lie algebras. However, we do not yet know how, or to what
extent this is possible as of this moment.
The basic undeformed object (g from the above diagram) in this article is
the classical sl2(C), the Lie algebra generated as a vector space by elements
H,E and F with relations
〈H,E〉 = 2E, 〈H,F 〉 = −2F, 〈E,F 〉 = H. (1.1)
This Lie algebra is simple and perhaps the single most important one since
any (complex) semi-simple Lie algebra includes a number of copies of sl2(C)
(see for instance, [30], page 43–44). It can thus be argued that this is also the
most important algebra to deform. In addition, sl2(C) has a lot of interesting
representations. One such, which is our basic starting point, is the following in
terms of first order differential operators acting on some vector space of functions
in the variable t:
E 7→ ∂, H 7→ −2t∂, F 7→ −t2∂.
This is what we will generalize to first order operators acting on an algebra A,
where ∂ is replaced by ∂σ, a σ-derivation on A (see Section 2 for definitions).
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In [16] it was shown that, for a σ-derivation ∂σ on a commutative associative
algebra A with unity, the rank one module A · ∂σ admits the structure of a
C-algebra with a σ-deformed commutator
〈a · ∂σ, b · ∂σ〉 = σ(a) · ∂σ(b · ∂σ)− σ(b) · ∂σ(a · ∂σ)
as a multiplication, satisfying a generalized twisted six-term Jacobi identity.
The present article builds on this and provides an elaborated example of a
quasi-deformed sl2(F) (where F is a field of characteristic zero) by the above
outlined method. The result becomes a natural quasi-deformation of sl2(F) and
we will show that it is a qhl-algebra in general (see Section 2 for the definition).
By choosing different base algebras A we obviously get different algebra struc-
tures on A · ∂σ. So in a way we have two different deformation ”parameters”,
namely σ and A (of course, changing A and not changing σ is mathematically
absurd, since σ is dependent on A, but it is nice to loosely think about A as an
independent deformation parameter).
Since the defining relations for sl2(C) are quadratic, passing to the universal
enveloping algebra gives us a quadratic algebra with non-homogenous relations.
The deformations of sl2(C) we consider also yield quadratic algebras but in
general the defining relations are far more involved. However, in some cases we
obtain algebras which, if not already explicitly studied in the literature, then
strongly resembling such, for instance the Sklyanin algebra and more generally,
the Artin–Schelter regular algebras. For this reason it is natural to suspect
that some non-commutative geometry, such as point- and line-modules, could
be involved even in some of our algebras.
The paper is organized as follows: in Section 2 we recall the relevant defini-
tions and results from the papers [16] and [22]; in Section 3 we deform sl2(F)
with A as general as can be in this situation and we deduce some necessary
conditions for everything to make sense; in Section 3.1 we take the algebra A to
be simply F[t] and calculate some properties of the corresponding deformations.
Finally, in Section 3.2 we consider the deformations arising when A = F[t]/(tN)
for N = 3 and for general non-negative integer N , showing that we get a family
of algebras parameterized by the non-negative integers generating deformations
at roots of unity.
2 Qhl-algebras associated with σ-derivations
We now fix notation and state the main definitions and results from [16] and
[22] needed in this paper.
Throughout we let F denote a field of characteristic zero and A be a com-
mutative, associative F-algebra with unity 1. Furthermore σ will denote an
endomorphism on A. Then by a twisted derivation or σ-derivation on A we
mean an F-linear map ∂σ : A→ A such that a σ-twisted Leibniz rule holds:
∂σ(ab) = ∂σ(a)b+ σ(a)∂σ(b). (2.1)
Among the best known σ-derivations are:
• (∂ a)(t) = a′(t), the ordinary differential operator with the ordinary Leib-
niz rule, i.e., σ = id.
3
• (∂σ a)(t) = a(t+ 1)− a(t), the shifted difference operator ;
σ-Leibniz: (∂σ (ab))(t) = (∂σa)(t)b(t)+a(t+1)(∂σb)(t). In this case σ = s,
where s(f)(t) := f(t+ 1).
• (∂σ a)(t) = (Dqa)(t), the Jackson q-derivation operator ;
σ-Leibniz: (Dq (ab))(t) = (Dqa)(t)b(t)+a(qt)(Dqb)(t). Here σ = tq, where
tqf(t) := f(qt).
In the paper [16] the notion of a hom-Lie algebra as a deformed version of a Lie
algebra was introduced, motivated by some of the examples of deformations of
the Witt and Virasoro algebras constructed using σ-derivations.
Definition 1. Let L be a vector space. A hom-Lie algebra structure on L is a
linear map α : L→ L and a bracket 〈·, ·〉 such that
• 〈x, y〉 = −〈y, x〉
• 	x,y,z 〈(α + id)(x), 〈y, z〉〉 = 0,
for x, y, z ∈ L, where 	x,y,z denotes cyclic summation with respect to x, y, z. A
morphism of hom-Lie algebras (L, α)
φ
−→ (L′, α′) is an algebra homomorphism
satisfying the intertwining condition φ ◦ α = α′ ◦ φ.
Note that for α = id we retain the definition of a Lie algebra. However, find-
ing examples of more general kinds of deformations associated to σ-derivations,
prompted the introduction in [22] of the following structure generalizing hom-Lie
algebras.
Definition 2. Let L be a vector space and let α, β be linear maps on L. Also
let ωL : Dω → LF(L) be a map from Dω ⊆ L × L to LF(L) the space of linear
maps on L over F. Then L is a quasi-hom-Lie algebra or a qhl-algebra equipped
with a bilinear product 〈·, ·〉 : L× L→ L if the following conditions hold:
• 〈α(x), α(y)〉 = β ◦ α〈x, y〉
• 〈x, y〉 = ωL(x, y)〈y, x〉
• 	x,y,z ωL(z, x)(〈α(x), 〈y, z〉〉 + β〈x, 〈y, z〉〉) = 0,
for x, y, z ∈ L and (z, x), (x, y), (y, z) ∈ Dω ⊆ L× L.
Note that with this definition quasi-hom-Lie algebras include not only hom-
Lie algebras as a subclass, but also color Lie algebras and in particular Lie
super-algebras [22]. We let Dσ(A) denote the set of σ-derivations on A. Fixing
a homomorphism σ : A → A, an element ∂σ ∈ Dσ(A), and an element δ ∈ A,
we assume that these objects satisfy the following two conditions:
σ(Ann(∂σ)) ⊆ Ann(∂σ), (2.2)
∂σ(σ(a)) = δσ(∂σ(a)), for a ∈ A, (2.3)
where Ann(∂σ) := {a ∈ A | a · ∂σ = 0}. Let A · ∂σ = {a · ∂σ | a ∈ A} denote
the cyclic A-submodule of Dσ(A) generated by ∂σ and extend σ to A · ∂σ by
σ(a ·∂σ) = σ(a) ·∂σ. The following theorem, from [16], introducing an F-algebra
structure on A · ∂σ making it a quasi-hom-Lie algebra, is of central importance
for the present paper.
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Theorem 1. If (2.2) holds then the map 〈·, ·〉σ defined by setting
〈a · ∂σ, b · ∂σ〉σ = (σ(a) · ∂σ) ◦ (b · ∂σ)− (σ(b) · ∂σ) ◦ (a · ∂σ), (2.4)
for a, b ∈ A and where ◦ denotes composition of maps, is a well-defined F-
algebra product on the F-linear space A · ∂σ. It satisfies the following identities
for a, b, c ∈ A:
〈a · ∂σ, b · ∂σ〉σ = (σ(a)∂σ(b)− σ(b)∂σ(a)) · ∂σ, (2.5)
〈a · ∂σ, b · ∂σ〉σ = −〈b · ∂σ, a · ∂σ〉σ, (2.6)
and if, in addition, (2.3) holds, we have the deformed six-term Jacobi identity
	a,b,c
(
〈σ(a) · ∂σ, 〈b · ∂σ, c · ∂σ〉σ〉σ + δ · 〈a · ∂σ, 〈b · ∂σ, c · ∂σ〉σ〉σ
)
= 0. (2.7)
The algebra A ·∂σ from the theorem is then a qhl-algebra with α = σ, β = δ
and ω = − idA·∂σ . For the reader’s convenience we sketch the proof of this
result. For full details see [16].
Proof. First of all, skew-symmetry and bilinearity are obvious from the defi-
nition (2.4). The bracket is well-defined by the assumption (2.2) on Ann(∂σ).
Closure of 〈·, ·〉σ follows from
〈a · ∂σ, b · ∂σ〉σ(c) = (σ(a) · ∂σ)((b · ∂σ)(c)) − (σ(b) · ∂σ)((a · ∂σ)(c)) =
= (σ(a)∂σ(b)− σ(b)∂σ(a)) · ∂σ(c) + (σ(a)σ(b) − σ(b)σ(a)) · ∂σ(∂σ(c))
since (σ(a)σ(b)−σ(b)σ(a))·∂σ(∂σ(c)) = 0 by the commutativity ofA. Let us now
prove the deformed Jacobi identity (2.7). This follows from the commutativity
of A, the assumption (2.3) and the fact that ∂σ is a σ-derivation, by the following
cyclic summations:
	a,b,c 〈σ(a) · ∂σ, 〈b · ∂σ, c · ∂σ〉σ〉σ =
=	a,b,c 〈σ(a) · ∂σ, (σ(b)∂σ(c)− σ(c)∂σ(b)) · ∂σ〉σ =
=	a,b,c
(
σ2(a)σ2(b)∂2σ(c)− σ
2(a)σ2(c)∂2σ(b)
)
· ∂σ+
+ 	a,b,c
(
σ2(c)σ(∂σ(b))∂
2
σ(σ(a)) − σ
2(b)σ(∂σ(c))∂σ(σ(a))
)
· ∂σ+
+ 	a,b,c
(
σ2(a)∂σ(σ(b))∂σ(c)− σ
2(a)∂σ(σ(c))∂σ(b)
)
· ∂σ =
=	a,b,c
(
σ2(a)∂σ(σ(b))∂σ(c)− σ
2(a)∂σ(σ(c))∂σ(b)
)
· ∂σ. (2.8)
The first two terms vanished when adding up cyclically. Re-write the equality
(2.5) as 〈b · ∂σ, c · ∂σ〉σ = (∂σ(c)σ(b) − ∂σ(b)σ(c)) · ∂σ which is possible since A
is commutative. Now the second part of (2.7) becomes with the aid of (2.3):
	a,b,c δ · 〈a · ∂σ, 〈b · ∂σ, c · ∂σ〉σ〉σ =
=	a,b,c δ · 〈a · ∂σ, (∂σ(c)σ(b)− ∂σ(b)σ(c)) · ∂σ〉σ =
=	a,b,c
(
δ · σ(a)∂2σ(c)σ(b) − δ · σ(a)∂
2
σ(b)σ(c)
)
· ∂σ+
+ 	a,b,c
(
− ∂σ(σ(c))σ
2(b)∂σ(a) + ∂σ(σ(b)σ
2(c)∂σ(a)
)
· ∂σ =
=	a,b,c
(
− ∂σ(σ(c))σ
2(b)∂σ(a) + ∂σ(σ(b)σ
2(c)∂σ(a)
)
· ∂σ,
where the first term becomes zero because of cyclic summation and the com-
mutativity of A. Combining this with (2.8) yields (2.7).
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3 Quasi-Deformations
Let A be a commutative, associative F-algebra with unity 1, t an element of
A, and let σ denote an F-algebra endomorphism on A. Also, let Dσ(A) denote
the linear space of σ-derivations on A. Choose an element ∂σ of Dσ(A) and
consider the F-subspace A · ∂σ of elements on the form a · ∂σ for a ∈ A. We will
usually denote a · ∂σ simply by a∂σ. Notice that A · ∂σ is a left A-module. By
Theorem 1 there is a skew-symmetric algebra structure on this A-module given
by
〈a · ∂σ, b · ∂σ〉 = σ(a) · ∂σ(b · ∂σ)− σ(b) · ∂σ(a · ∂σ) =
= σ(a∂σ)(b∂σ)− σ(b∂σ)(a∂σ) = (σ(a)∂σ(b)− σ(b)∂σ(a)) · ∂σ, (3.1)
where a, b ∈ A and σ is extended to a map on A · ∂σ by σ(a∂σ) = σ(a)∂σ . The
elements e := ∂σ, h := −2t∂σ and f := −t
2∂σ span an F-linear subspace
S := LinSpan
F
{∂σ,−2t∂σ,−t
2∂σ} = LinSpanF{e, h, f}
of A · ∂σ. We restrict the multiplication (3.1) to S without, at this point,
assuming closure. Now,
∂σ(t
2) = ∂σ(t · t) = σ(t)∂σ(t) + ∂σ(t)t = (σ(t) + t)∂σ(t)
which by using (3.1), leads to
〈h, f〉 = 2〈t∂σ, t
2∂σ〉 = 2σ(t)∂σ(t)t∂σ, (3.2a)
〈h, e〉 = −2〈t∂σ, ∂σ〉 = −2(σ(t)∂σ(1)− σ(1)∂σ(t))∂σ, (3.2b)
〈e, f〉 = −〈∂σ, t
2∂σ〉 = −(σ(1)(σ(t) + t)∂σ(t)− σ(t)
2∂σ(1))∂σ. (3.2c)
Also, one would be tempted to make the general ansatz
∂σ(1) = d0 + d1t+ · · ·+ dkt
k, σ(1) = s0 + s1t+ · · ·+ slt
l.
If all non-negative integer powers of t are linearly independent over F, then
σ(1) = 1 or σ(1) = 0 since σ(1) = σ(1 · 1) = σ(1)2 and so s0 is either 1 or 0 and
s1 = · · · = sl = 0.
In addition to this, in this case,
d0 + d1t+ · · ·+ dkt
k = ∂σ(1) = ∂σ(1 · 1) = σ(1)∂σ(1) + ∂σ(1)1 =
= (σ(1) + 1)∂σ(1) = (s0 + 1)(d0 + d1t+ · · ·+ dkt
k)
leading to d0 = d1 = · · · = dk = 0 if s0 = 1 and arbitrary d0, . . . , dk if s0 = 0.
But if s0 = 0, that is σ(1) = 0, then σ(t
w) = 0 for all w ∈ N since
σ(tw) = σ(1 · tw) = σ(1)σ(tw) = 0.
Under the assumptions σ(1) = 1 and ∂σ(1) = 0 relations (3.2a), (3.2b) and
(3.2c) simplify to
〈h, f〉 = 2σ(t)∂σ(t)t∂σ (3.3a)
〈h, e〉 = 2∂σ(t)∂σ (3.3b)
〈e, f〉 = −(σ(t) + t)∂σ(t)∂σ . (3.3c)
Remark 1. Note that when σ = id and ∂σ(t) = 1 we retain the classical sl2(F)
with relations (1.1).
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3.1 Quasi-Deformations with base algebra A = F[t]
Take A to be the polynomial algebra F[t], σ(1) = 1 and ∂σ(1) = 0. Since all
non-negative integer powers of t are linearly independent over F in F[t], we are
in the situation of relations (3.2a), (3.2b) and (3.2c). Suppose that σ(t) = q(t)
and ∂σ(t) = p(t), where p(t), q(t) ∈ F[t]. To have closure of (3.3a), (3.3b) and
(3.3c) these polynomials are far from arbitrary. Indeed, by (3.3a) we get
deg(∂σ(t)σ(t)) = deg(p(t)q(t)) ≤ 1.
So three cases arise
Case 1 : σ(t) = q(t) = q0 + q1t, q1 6= 0, p(t) = p0,
Case 2 : σ(t) = q(t) = q0, q0 6= 0, p(t) = p0 + p1t,
Case 3 : σ(t) = q(t) = 0, p(t) = p0 + p1t+ · · ·+ pnt
n,
where in all three cases we assume p(t) 6= 0. Note that if p(t) = 0 then ∂σ = 0
and so the original operator representation collapses.
Remark 2. If we allow σ(t) = q(t) and ∂σ(t) = p(t) where p, q are arbitrary
polynomials in t then we get a deformation of sl2(F) which does not preserve
dimension; that is, brackets of the basis elements e, f, h are not simply linear
combinations in these elements but include more new ”basis” elements. This
phenomena could possibly be interesting to study further.
Case 1 : Assume q(t) = q0 + q1t, implying that p(t) = p0. Relations (3.3a),
(3.3b) and (3.3c) according to (3.1) now become
〈h, f〉 : −2q0ef + q1hf + q
2
0eh− q0q1h
2 − q21fh = −q0p0h− 2q1p0f (3.4a)
〈h, e〉 : −2q0e
2 + q1he− eh = 2p0e (3.4b)
〈e, f〉 : ef + q20e
2 − q0q1he− q
2
1fe = −q0p0e+
q1 + 1
2
p0h. (3.4c)
Remark 3. Notice that changing the role of h and f in (3.4a) does not cor-
respond to changing h and f in (3.1). This means that, in a sense, the skew-
symmetry of (3.1) is ”hidden” in (3.4a). If 〈f, h〉 is calculated from (3.1) one
sees that indeed 〈f, h〉 = −〈h, f〉 as one would expect and one gets exactly minus
the left-hand-side of (3.4a).
Henceforth, we denote by F{x1, . . . , xn} the free associative algebra over F
on the set {x1, . . . , xn}, i.e., the non-commutative polynomial (tensor) algebra
over F in the indeterminates x1, . . . , xn.
The associative algebra with three abstract generators e, h and f and defining
relations (3.4a), (3.4b) and (3.4c), that is, F{e, f, h}modulo the relations defined
by (3.4a), (3.4b) and (3.4c), can be seen as a multi-parameter deformation of
U(sl2(F)) = F{e, f, h}
/(
[h, e]− 2e, [h, f ] + 2f, [e, f ]− h
)
,
where [·, ·] denotes the commutator.
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Example 1. By taking q0 = 0 and q := q1 6= 0 we obtain a deformation
of sl2(F) corresponding to replacing the ordinary derivation operator with the
Jackson q-derivativeDq (see Section 2). Since this deformation therefore is quite
interesting we explicitly record it
hf − qfh = −2p0f
he− q−1eh = 2q−1p0e (3.5)
ef − q2fe =
q + 1
2
p0h.
Note that, by taking p0 = q = 1, we obtain the usual commutation relations
for sl2(F), corresponding to the ordinary derivation operator ∂. We denote the
”lifting” of the right-hand-side of (3.4a), (3.4b), (3.4c) for p0 = 1, q0 = 0, to an
abstract skew-symmetric algebra with products
〈h, f〉 = −2qf, 〈h, e〉 = 2e, 〈e, f〉 =
q + 1
2
h,
by qsl2(F) and call it informally the ”Jackson sl2(F)”. In Example 4 we will
see that qsl2(F) is a (quasi-) hom-Lie algebra. When p0 6= 1 we get a natural
one-parameter deformation of qsl2(F). The algebra F{e, f, h}/(3.5), with p0 = 1
in (3.5), can be thought of as an analogue of the universal enveloping algebra
for qsl2(F). For q = 1 it is indeed the universal enveloping algebra of the Lie
algebra sl2(F). We denote by Uq the algebra F{e, f, h}/(3.5). When p0 6= 1 we
similarly get a one-parameter deformation of Uq.
There is also a Casimir-like element in this algebra, namely,
Ωq := ef + qfe+
q + 1
4
h2 = ef + qfe+
{2}q
4
h2.
For q = 1 we retain the classical central Casimir element for U(sl2(F)) in the
basis e, f, h. It is straightforward to check that Ωq is normal in the sense that
τ(z) ·Ωq = Ωq · z for some map τ (notice that in the Lie case q = 1 the element
Ω1 is really central, i.e., τ = id). The associative product in Uq forces τ to be
an algebra endomorphism. Indeed, on the one hand: Ωq · zw = τ(z) · Ωq · w =
τ(z)τ(w) ·Ωq , and on the other: Ωq ·zw = τ(zw) ·Ωq . It can also be checked that
τ is in fact an automorphism. In our present setting τ is completely determined
by its action on the basis elements as τ(e) = q−2e, τ(h) = h and τ(f) = q2f .
Remark 4. Assume that q 6= 1 and rewrite the relations (3.5) in the form:
yz − q−1zy = 0
zx− q2xz = p20(1 + q
−1)y + p20
q + 1
q − 1
1
xy − q−1yx = 0,
(3.6)
where we made the transformations h 7→ 2p0q
−1y − 2p0/(q − 1)1, f 7→ x and
e 7→ z. Since the transformation is a bijection (it is simply a change of basis)
we deduce that F{e, f, h}/(3.5) and F{x, y, z}/(3.6) are isomorphic as algebras.
We denote the algebra F{x, y, z}/(3.6) by Wq. Hence Wq ∼= Uq. It is easy to
see that Wq is an iterated Ore extension as follows. Indeed, putting
B := F{y, z}
/
(yz − q−1zy)
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we see that this is an Ore extension of F[z] with automorphism z 7→ q−1z.
Then extending once more we get Wq as the Ore extension B[x, ς, ∂ς ] of B
defined by ς(z) = q−2z, ∂ς(z) = −q
−2ay − q−2b1, ς(y) = q−1y and ∂ς(y) = 0.
(What is needed to check is that ∂ς(yz) and ∂ς(q
−1zy) both give the same result.)
We now note that iterated Ore extensions of an Auslander-regular algebra (see
below for the definition), in this case F[z], are themselves Auslander-regular by a
theorem of Ekstro¨m [11]. Moreover, one can prove ([3], Proposition 2.1.1) that
Wq has global dimension at most three. Also, using Proposition 2.1.2 in [3] or
the Diamond Lemma [17] it is easy to check that Wq has a PBW-basis, hence
is a noetherian domain of Gel’fand–Kirillov dimension three ([3], Proposition
2.1.1). Having a PBW-basis ensures Koszulity as an almost quadratic algebra
[29]. We note the following interesting special case of relations (3.6).
Example 2. When q = −1 the endomorphism σ becomes σ(t) = −t and
the Jackson q-derivative is thus given by f 7→ (f(t) − f(−t))/2t. The defining
relations (3.6) for W−1 then become
yz + zy = 0, zx− xz = 0, xy + yx = 0. (3.7)
This is in fact a color-commutative Lie algebra graded by Z22. Indeed, suppose
we have a vector space V with decomposition
V = V(0,0) ⊕ V(1,0) ⊕ V(0,1) ⊕ V(1,1) = F{0} ⊕ Fy ⊕ F{0} ⊕
(
Fx⊕ Fz
)
.
Taking the colored commutator [A,B]col := AB− (−1)
(deg(A),deg(B))BA, where
we have the bilinear form (·, ·) defined by (deg(A), deg(B)) := α1β1 + α2β2 for
deg(A) = (α1, α2) and deg(B) = (β1, β2) yields the algebra defined by relations
(3.7).
Homogenizing the relations (3.4a), (3.4b) and (3.4c) with respect to a central
degree-one element ζ leads to algebras reminiscent of the central extensions of
three-dimensional Artin–Schelter regular algebras (in particular the Sklyanin
algebra) studied (among other algebras) in [25]. The Artin–Schelter regular
algebras with homogeneous defining relations (and more generally Auslander-
regular algebras) turned out to be a most natural choice for a non-commutative
projective geometry and this stimulated a directed effort in understanding the
various homological and geometric properties of these algebras (see [1], [2], [25],
for instance). Also, let g be a finite-dimensional Lie algebra. Then the universal
enveloping algebra U(g) is filtered by the canonical degree-filtration. This is a
Zariski-filtration and since gr(U(g)) is isomorphic to a commutative polynomial
algebra (by the PBW-theorem) this being Auslander-regular, it follows that
U(g) is itself Auslander-regular [28]. Le Bruyn and Smith, Le Bruyn and Van
den Bergh, showed that U(g) (or rather its homogenizations) is connected to
non-commutative projective algebraic geometry [24], [26].
For the reader’s convenience we recall the definition of Artin–Schelter regular
and Auslander-regular algebras. Let R be a graded connected algebra over a
field F, i.e., R =
⊕
n∈Z≥0
Rn with R0 ∼= F. Then R is Artin–Schelter regular
(AS-regular) if it has finite global dimension d (all graded R-modules have finite
projective dimension ≤ d) and
• R has finite Gel’fand–Kirillov dimension, that is, if it has polynomial
growth, i.e., if dimF(Rn) ≤ n
k, for some constant k ∈ N;
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• R is Gorenstein: ExtiR(F, R) = 0 if i 6= d and Ext
d
R(F, R)
∼= F.
A related concept is the Auslander-regular algebras. Let R be a noetherian
ring. Then R is said to be Auslander-regular if for every R-module M and
for all submodules N of ExtiR(M, R) we have min{j | Ext
j
R(N, R) 6= 0} ≥ i,
∀ i ≥ 0, in addition to R having finite injective and global dimension. For
graded algebras of Gel’fand–Kirillov dimension less than or equal to three it has
been shown by Thierry Levasseur [27] that Auslander-regular and AS-regular
are in fact equivalent.
We now review the notion of conformal sl2(F) enveloping algebras introduced
by Lieven Le Bruyn in [23], showing that Uq defined by (3.5) also is a special
case of his construction.
Example 3. Let a denote the C-vector (a1, a2, a3, a4, a5, a6, a7). Define an
algebra
F(a) := C{x, y, z}
/ xy − a1yx− a2y,yz − a3zy − a4x2 − a5x,
zx− a6xz − a7z

 .
Notice that, for instance, F(1, 2, 1, 0, 1, 1, 2) ∼= U(sl2(C)). Therefore it is tempt-
ing to view F(a), for generic a’s, as deformations of U(sl2(C)). Such a defor-
mation of U(sl2(C)) is called a conformal sl2 enveloping algebra if gr(F(a)),
with F(a) taken with the canonical degree-filtration, is a three-dimensional
Auslander-regular quadratic algebra. Edward Witten introduced a special case
of the above, namely the algebra
Wa := F(a, 1, 1, a− 1, 1, a, 1) = C{x, y, z}
/ xy − ayx− y,yz − zy − (a− 1)x2 − x,
zx− axz − z


related to some aspects of two-dimensional conformal field theory. The case
a = 1 gives an algebra isomorphic to U(sl2(C)).
Suppose a1a2a3a5a6a7 6= 0. Le Bruyn shows that under this condition F(a)
is a conformal sl2(C) enveloping algebra if and only if a6 = a1 and a7 = a2.
We now note that when F = C our algebra Uq is a conformal sl2(C) envelop-
ing algebra. In fact Uq = F(a
′), under the assignments h 7→ x, e 7→ y, f 7→ z
and where
a′ = (q−1, 2q−1p0, q
2, 0,
q + 1
2
p0, q
−1, 2q−1p0).
This also shows that Uq is Auslander-regular since a1 = a6 and a2 = a7.
Le Bruyn also shows in [23] that there is a very nice non-commutative geometry
behind these algebras when homogenized.
By taking p0 = q0 = 0 in (3.5) we get an “abelianized” version of qsl2(F).
However, as we mentioned before, the operator representation we started with
collapses in this case since ∂σ = 0.
Remark 5. Note that, unlike the undeformed U(sl2(F)), the one-parameter
deformation of Uq (with q 6= 1, p0 6= 0) has non-trivial one-dimensional rep-
resentations. Indeed, taking h = 2p0/(q − 1) we see from the defining relations
that ef = (q+1)p20/(q− 1) and so e and f can be chosen as any numbers satis-
fying this equality. When q → 1 in which case we “approach sl2(F)” we see that
h goes to infinity and so the representation collapses in the limit.
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Remark 6. It is important to notice that Theorem 1 gives us two alternative
ways to view our algebras:
(i) either one uses Theorem 1 to construct a bracket on the vector space A ·∂σ
with the help of equation (2.5), viewing this bracket as a product;
(ii) or one uses (2.5) in adjunction with the definition (2.4) of the bracket to
obtain quadratic relations and “moding” out these from the tensor algebra,
thereby giving us an associative quadratic algebra which loosely can be
thought of as a deformed “enveloping algebra” of the corresponding algebra
from viewpoint (i), or even as a deformed universal enveloping algebra for
sl2(F).
Twisted Jacobi identity for Case 1
The possible δ ∈ A = F[t] in the twisted Jacobi identity can be computed from
the condition
∂σ ◦ σ(a) = δ · σ ◦ ∂σ(a), (3.8)
required to hold for any a ∈ A. For a = t0 = 1 this equation holds trivially
because σ(1) = 1 and ∂σ(1) = 0. For a = t the left-hand-side becomes
∂σ ◦ σ(t) = ∂σ(q0 + q1t) = q1p0
and the right-hand-side becomes
δ · σ ◦ ∂σ(t) = δ · σ(p0) = δ · p0,
from which we immediately see that δ = q1. To show that (3.8) holds for all
a ∈ A with δ = q1 it is enough by linearity to show this for arbitrary monomial
a = tk. As we have seen the statement is true for k = 0, 1. Assume the statement
holds for k = l. On writing tl+1 = ttl and using the σ-Leibniz rule (2.1) we get:
R.H.S = δ · σ ◦ ∂σ(t
l+1) = δ · (σ ◦ ∂σ(t)σ(t)
l + σ2(t)σ ◦ ∂σ(t
l)) =
= δ · σ ◦ ∂σ(t)σ(t
l) + σ2(t) · δ · σ ◦ ∂σ(t
l) = [induction step] =
= (∂σ ◦ σ(t))σ(t
l) + σ2(t)∂σ ◦ σ(t
l) = ∂σ ◦ σ(t
l+1) = L.H.S.
Note that this shows that it is enough to check condition (3.8) for low degrees,
even in cases other than the present. So by Theorem 1 we now have a deformed
Jacobi identity
	x,y,z (〈σ(x), 〈y, z〉〉 + q1〈x, 〈y, z〉〉) = 0
on A · ∂σ = F[t] · ∂σ. By defining α(x) := q
−1
1 σ(x) this can be re-written as the
Jacobi-like relation for a hom-Lie algebra
	x,y,z 〈(α+ id)(x), 〈y, z〉〉 = 0. (3.9)
Note that this twisted Jacobi identity follows directly from the general Theorem
1. This shows that we do not have to make any lengthy trial computations with
different more or less ad hoc assumptions on the form of the identity.
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Example 4. The algebra qsl2(F) is a hom-Lie algebra with α = q
−1σ and with
Jacobi identity as given by (3.9). This is not clear a` priori since qsl2(F) is not a
subalgebra of A · ∂σ. When qsl2(F) is represented by its ”non-lifted” operators
e = ∂σ, h = −2t∂σ and f = −t
2∂σ, this representation becomes a subalgebra
of A · ∂σ and hence a hom-Lie algebra. However, qsl2(F) is defined abstractly
without reference to a particular representation. It is initially possible that the
twisted Jacobi identity is a result of some extra relations (e.g., by the σ-Leibniz
rule) available in that representation as σ-derivations.
To prove that qsl2(F) is a hom-Lie algebra we proceed as follows. First define
α on the basis vectors e, f, h as α(e) = q−1e, α(h) = h and α(f) = qf . It is
clear that it is enough to consider the case when x = e, y = f and z = h. Then
(3.9) becomes
〈(α + id)(e),〈f, h〉〉+ 〈(α+ id)(f), 〈h, e〉〉+ 〈(α + id)(h), 〈e, f〉〉 =
= 2q(q−1 + 1)〈e, f〉+ 2(q + 1)〈f, e〉+ (q + 1)〈h, h〉 =
= (2(q + 1)− 2(q + 1))〈e, f〉 = 0,
where we have used that 〈·, ·〉 is skew-symmetric.
Case 2 : Assume now that σ(t) = q(t) = q0 6= 0 and so ∂σ(t) = p(t) = p0+ p1t.
The relations (3.3a), (3.3b) and (3.3c) combined with (3.1) become
〈h, f〉 : −2ef + q0eh = −p0h− 2p1f
〈h, e〉 : −2q0e
2 − eh = 2p0e− p1h
〈e, f〉 : ef + q20e
2 = −q0p0e+
q0p1 + p0
2
h+ p1f,
since σ(e) = e, σ(h) = −2q0e and σ(f) = −q
2
0e. It is obvious that we cannot
recover the classical sl2(F) from this deformation by specifying suitable param-
eters since, in a sense, the commutators ”collapsed” due to the choice of σ.
Twisted Jacobi identity for Case 2
It is easy to deduce, following the same arguments as in Case 1, that one can
take δ = 0 in this case and so have
	x,y,z 〈σ(x), 〈y, z〉〉 = 0 (3.11)
on A · ∂σ making it into a hom-Lie algebra.
Case 3 : It follows immediately upon insertion of ∂σ(t) = p(t) = p0 + p1t +
· · · + pnt
n into (3.3c) that deg(p(t)) ≤ 1. With this (3.3a), (3.3b) and (3.3c)
combined with (3.1) now become
0 = 0, −eh = 2p0e − p1h, ef =
p0
2
h+ p1f.
Twisted Jacobi identity for Case 3
In this case (3.8) becomes 0 = ∂σ(0) = ∂σ(σ(t
k)) = δ · σ(∂σ(t
k)) = δ · 0, valid
for all k ∈ Z≥0, and so δ can be chosen completely arbitrary in this case, for
example δ = 0 giving again (3.11) and thus a hom-Lie algebra.
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3.2 Deformations with base algebra F[t]/(t3)
Now, let F include all third roots of unity and take as A the algebra F[t]/(t3).
This is obviously a three-dimensional F-vector space and a finitely generated
F[t]-module with basis {1, t, t2}. Let, as before, e = ∂σ, h = −2t∂σ, and f =
−t2∂σ. Note that −2t · e = h, t · h = 2f and t · f = 0. Put
∂σ(t) = p0 + p1t+ p2t
2 (3.12a)
σ(t) = q0 + q1t+ q2t
2 (3.12b)
considering these as elements in the ring F[t]/(t3). We will once again make the
assumptions that σ(1) = 1, ∂σ(1) = 0 and so relations (3.3a), (3.3b) and (3.3c)
still hold. The equalities (3.12a) and (3.12b) have to be compatible with t3 = 0.
This means in particular that
0 = σ(t)3 = (q0 + q1t+ q2t
2)3 = q30 + 3q
2
0q1t+ (3q
2
0q2 + 3q0q
2
1)t
2
implying q0 = 0. Moreover,
0 = ∂σ(t
3) = σ(t)2∂σ(t) + ∂σ(t
2)t = (σ(t)2 + (σ(t) + t)t)∂σ(t). (3.13)
The action of A · ∂σ on A has a matrix representation in the basis {1, t, t
2}:
e 7→

0 p0 00 p1 (q1 + 1)p0
0 p2 (q1 + 1)p1 + q2p0

 , h 7→

0 0 00 −2p0 0
0 −2p1 −2(q1 + 1)p0


and
f 7→

0 0 00 0 0
0 −p0 0

 .
Note, however, that in the case when p0 = 1, p1 = p2 = 0, q0 = q2 = 0 and
q1 = 1, which seemingly would correspond to the case of the classical sl2(F), we
surprisingly get the matrices
e 7→

0 1 00 0 2
0 0 0

 , h 7→

0 0 00 −2 0
0 0 −4

 , f 7→

0 0 00 0 0
0 −1 0


satisfying the ”commutation” relations
hf − fh = −2f, he− eh = 2e, ef + 2fe = h.
The reason for this anomaly is that the values of the parameters so chosen are
not compatible with the σ-Leibniz rule on A = F[t]/(t3) since (3.13) becomes
0 = 3t2 this equality not possible in A over a field of characteristic zero.
The bracket can be computed abstractly on generators as
〈h, f〉 = q1hf + 2q2f
2 − q21fh (3.14a)
〈h, e〉 = q1he+ 2q2fe− eh (3.14b)
〈e, f〉 = ef − q21fe. (3.14c)
13
Formulas (3.12a) and (3.12b) together with the assumption that the right-hand-
side of these are elements in F[t]/(t3) now yield closure. Indeed, by (3.1), we
get
〈h, f〉 = 2(q1t+ q2t
2)(p0 + p1t+ p2t
2)t∂σ =
= 2q1p0t
2∂σ = −2q1p0f, (3.15a)
〈h, e〉 = 2(p0 + p1t+ p2t
2)∂σ = 2p0e− p1h− 2p2f, (3.15b)
〈e, f〉 = ((q1 + 1)t+ q2t
2)(p0 + p1t+ p2t
2)∂σ =
= (p1 + q1p1 + q2p0)f +
q1 + 1
2
p0h. (3.15c)
We have one other condition to take into account, namely the relation (3.13).
This relation gives us that
(σ(t)2 + (σ(t) + t)t)∂σ(t) = p0(q
2
1 + q1 + 1)t
2 = 0.
In other words, if p0 6= 0, we generate deformations at the imaginary third roots
of unity; if p0 = 0 then q1 is a true formal deformation parameter. This means
that we once again have to subdivide our presentation from this point into two
cases.
Case 1 : When p0 = 0 the relations for the deformed sl2(F) become
〈h, f〉 : q1hf + 2q2f
2 − q21fh = 0
〈h, e〉 : q1he+ 2q2fe− eh = −p1h− 2p2f
〈e, f〉 : ef − q21fe = p1(q1 + 1)f.
(3.16)
Once again, we cannot recover sl2(F) from this deformation by choosing suitable
values of the parameters since 〈e, f〉 can never be h, 〈h, e〉 can never be 2e and
〈h, f〉 is identically zero.
Take p1 = p2 = 0 (so ∂σ is identically zero), q1 = 1 and ǫ := −2q2 in (3.16).
Then the first relation in (3.16) becomes
hf − fh = ǫf2 (3.17)
which is the defining relation for the Jordanian quantum plane or the ǫ-deformed
quantum plane. In [5] is developed the differential geometry of the Jordanian
quantum plane in analogy with commutative geometry’s moving frame formal-
ism. This means that they construct a suitable differential calculus (differential
1-forms). They also show that one can extend the Jordanian quantum plane
by adjoining the inverses to h and f and furthermore construct a differential
calculus on this space. It turns out that the commutative limit of this extended
Jordanian quantum plane has a metric of constant Gaussian curvature −1 and
so the authors argue that the extended Jordanian quantum plane with this cal-
culus is a deformation of the Poincare´ upper-half plane. The Jordanian and
ordinary quantum planes are both associated to (different) quantizations of the
Lie group GL2(F) in the sense that these quantizations are symmetry groups
with central determinants for the respective plane. Considerations like these
lead unavoidably into the realm of quantum groups.
For ǫ = 1, the quadratic algebra with defining relation (3.17) is actually one
of two possible Artin–Schelter regular algebras (graded in degree one) of global
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dimension two, the other being the ordinary quantum plane hf − qfh = 0 (see
[1]).
Suppose for this paragraph that F = C. If q1 = 1, p1 = 1, p2 = a/2 and
q2 = 0 then (3.16) become the one-parameter family of three-dimensional Lie
algebras g with relations:
hf − fh = 0, he− eh = −h− af, ef − fe = 2f, for a ∈ C.
These algebras are solvable1 for every a ∈ C. By the general classification of
three-dimensional complex Lie algebras this means that g is isomorphic to one
[15] of the Lie algebras (zero brackets are omitted)
• ℓ(2)⊕ Ce3: 〈e1, e2〉 = e2;
• ℓ(3): 〈e1, e2〉 = e2, 〈e1, e3〉 = e2 + e3;
• ℓ(3, c): 〈e1, e2〉 = e2, 〈e1, e3〉 = c · e3, for c ∈ C.
Furthermore, putting p1 = 0 and p2 = −1/2 we get
hf − fh = 0, he− eh = f, ef − fe = 0,
the relations for the Heisenberg Lie algebra. Putting instead p1 = p2 = 0 we get
the three-dimensional polynomial algebra in three commuting variables. So, in
a sense, the class of algebras with three generators and defining relations (3.16),
being obtained via a special twisting of sl2(F), is a multi-parameter deformation
of the polynomial algebra in three commuting variables, of the Heisenberg Lie
algebra and of the above solvable Lie algebra.
Twisted Jacobi identity for Case 1
The left-hand-side of (3.8) for a = t is
∂σσ(t) = ∂σ(q1t+ q2t
2) = q1(p1t+ p2t
2) + q2(σ(t) + t)(p1t+ p2t
2) =
= q1p1t+ q1p2t
2 + q2((q1 + 1)t+ q2t
2)(p1t+ p2t
2) =
= q1p1t+ (q1p2 + q2p1(q1 + 1))t
2
keeping in mind t3 = 0. The right-hand-side becomes
δ ·σ ◦∂σ(t) = δ · (p1t(q1+q2t)+p2t
2(q1+q2t)
2) = δ(p1q1t+(p1q2+p2q
2
1)t
2).
Assuming that δ can be written as δ = δ0+ δ1t+ δ2t
2 we let ξ0, ξ1 and ξ2 denote
three free parameters. Then ∂σ ◦ σ(t) = δ · σ ◦ ∂σ(t) becomes
q1p1t+ (q1p2 + q2p1(q1 + 1))t
2 = δ0p1q1t+ (δ1p1q1 + δ0(p1q2 + p2q
2
1))t
2
which is equivalent to the linear system of equations for δ0, δ1 and δ2{
p1q1δ0 − q1p1 = 0
(p1q2 + p2q
2
1)δ0 + p1q1δ1 − q2p1(q1 + 1)− q1p2 = 0
Since δ2 is not involved at all it can be chosen arbitrary, say δ2 = ξ2. We then
have several cases to consider:
1In fact, it is easy to see that g(2) = 0 where we put g(1) = 〈g, g〉 and then inductively
defining g(i) = 〈g(i−1),g(i−1)〉.
15
1. In the case q1p1 6= 0 we find
(δ0, δ1, δ2)
T =
(
1,−
q1p2 − p2 − p1q2
p1
, ξ2
)T
.
The twisted Jacobi identity thus becomes
	x,y,z
(
〈σ(x), 〈y, z〉〉 + (1−
q1p2 − p2 − p1q2
p1
t+ ξ2t
2)〈x, 〈y, z〉〉
)
= 0.
Notice that this defines a quasi-hom-Lie algebra which is not a hom-Lie
algebra.
2. If p1 6= 0, q2 6= 0, q1 = 0 we get δ = 1 + ξ1t + ξ2t
2. The twisted Jacobi
identity can now be written as
	x,y,z
(
〈σ(x), 〈y, z〉〉 + (1 + ξ1t+ ξ2t
2)〈x, 〈y, z〉〉
)
= 0.
Since ξ1 and ξ2 are arbitrary this equality is equivalent to
	x,y,z 〈(σ + id)(x), 〈y, z〉〉 = 0 (3.18)
which means that we have a hom-Lie algebra for these parameters.
3. p1 6= 0, q1 = q2 = 0 yield δ = ξ0+ξ1t+ξ2t
2. The deformed Jacobi identity
is
	x,y,z
(
〈σ(x), 〈y, z〉〉 + (ξ0 + ξ1t+ ξ2t
2)〈x, 〈y, z〉〉
)
= 0
and once again, since ξ1 and ξ2 are arbitrary we get a hom-Lie algebra
with the same twisted Jacobi identity as above (3.18).
4. For p1 = 0, p2 6= 0, q1 6= 0 we get δ = q
−1
1 + ξ1t+ ξ2t
2. The twisted Jacobi
identity is
	x,y,z
(
〈σ(x), 〈y, z〉〉 + (q−11 + ξ1t+ ξ2t
2)〈x, 〈y, z〉〉
)
= 0.
Since ξ1 and ξ2 are arbitrary they can be chosen to be zero and re-scaling
σ we get the deformed Jacobi identity of a hom-Lie algebra in this case as
well. Lastly, we have
5. p1 = p2 = 0 or p1 = q1 = 0 which both yield the same result as 3.
Case 2 : When q1 = ω
k 6= 1, where ω := e
2pi
3
i is a third root of unity and
p0 6= 0 we have that the relations (3.15a), (3.15b) and (3.15c) become
〈h, f〉 : ωkhf + 2q2f
2 − ω2kfh = −2ωkp0f
〈h, e〉 : ωkhe+ 2q2fe− eh = 2p0e− p1h− 2p2f
〈e, f〉 : ef − ω2kfe = ((ωk + 1)p1 + q2p0)f +
ωk + 1
2
p0h,
where k = 1, 2. Note that this is a deformation of the same type as (3.5) if
specifying p1 = p2 = q2 = 0.
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Twisted Jacobi identity for Case 2
The left-hand-side of (3.8) for a = t is
∂σ ◦ σ(t) = ∂σ(ω
kt+ q2t
2) =
= ωk(p0 + p1t+ p2t
2) + q2((ω
k + 1)t+ q2t
2)(p0 + p1t+ p2t
2) =
= ωkp0 + ((p1 + p0q2)ω
k + p0q2)t+ ((p2 + p1q2)ω
k + (p0 + p1)q2)t
2
and the right-hand-side is
δ · σ ◦ ∂σ(t) = δ · σ(p0 + p1t + p2t
2) = δ · (p0 + p1ω
kt + (p1q2 + p2ω
2k)t2).
Assuming once again δ = δ0 + δ1t+ δ2t
2 and remembering ω3 = 1, we get

δ0δ1
δ2

 =


ωk
−p1ω
2k+(p1+q2p0)ω
k+q2p0
p0
−(p2p0+p
2
1
+p1q2p0)ω
2k+p0(p2−p1q2)ω
k+p2
1
+q2
2
p2
0
+p1q2p0
p0

 :=

ωkw1
w2

 .
The deformed Jacobi identity can thus be written in the following form
	x,y,z
(
〈σ(x), 〈y, z〉〉 + (ωk +w1t+w2t
2)〈x, 〈y, z〉〉
)
= 0,
this being the defining relation for a quasi-hom-Lie algebra. This quasi-hom-Lie
algebra becomes a hom-Lie algebra when w1 = w2 = 0, that is for some special
choices of parameters defining σ(t) and ∂σ(t).
Remark 7 (Generating deformations at N th-roots of unity). The con-
struction above to generate deformations at third roots of unity can be general-
ized. Suppose A = F[t]/(tN), N ≥ 3, and p0 6= 0 and that F is a field which
includes all (primitive) N th-roots of unity. Assume also that
σ(t) = t(q1 + q2t) and ∂σ(t) = p0 + p1t+ · · ·+ pN−1t
N−1.
The condition that q0 = 0 remains unaltered. We now have
0 = ∂σ(t
N ) =
N−1∑
j=0
σ(t)jtN−j−1∂σ(t) =
N−1∑
j=0
tj(q1 + q2t)
jtN−j−1∂σ(t) =
= tN−1
N−1∑
j=0
(q1 + q2t)
j(p0 + p1t+ · · ·+ pN−1t
N−1) = p0{N}q1t
N−1
keeping in mind tN = 0. This gives that q1 is a N
th-root of unity. Once again
taking q2 = 0 and p1 = p2 = · · · = pN−1 = 0 yields a deformation of type (3.5)
at N th-roots of unity.
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